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 Fractions, though important, pose significant difficulties for children and adults. It has 
been suggested that this difficulty may stem from a lack of an underlying cognitive system that 
allows us direct, intuitive access to fraction magnitude. However, there is mounting evidence that 
processing ratios can indeed be intuitive (not accessed via explicit strategies). Currently, 
limitations in temporal resolution of previous studies means we still have little evidence of 
whether people have direct access to fraction magnitude, or whether they need to work through 
the whole-number numerator and denominator components to reach holistic fraction magnitude. 
We address limitations in temporal resolution by using event-related potentials (ERP) to analyze 
the time course of symbolic and nonsymbolic fraction processing. The improved temporal 
resolution with a fraction comparison task allow us to investigate whether access to fraction 
magnitude is both direct and intuitive. We find evidence for intra-fraction distance effects in P2p 
and holistic distance effects for nonsymbolic ratios in P3, providing evidence for a step-wise 
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CHAPTER 1: INTRODUCTION  
 
Math literacy is important for life outcomes. Those with poor numeracy show marked 
decreases in stable full-time employment as well as economic and psychological well-being 
(Parsons & Bynner, 2005). Poor understanding of fractions and ratios may be particularly 
detrimental, as fraction literacy is crucial for understanding risk and probability—those with 
poor fraction understanding are particularly vulnerable to making poor health and medical 
decisions, leading to worse medical outcomes (Reyna & Brainerd, 2007, 2008). Fractions are 
also thought to be foundational for success in mathematics. Fraction magnitude knowledge has 
been shown to be predictive of children’s current and future algebra skills (Booth & Newton, 
2012; Booth, Newton, & Twiss-Garrity, 2014; Siegler et al., 2012), and is also predictive of 
general math achievement (Booth & Newton, 2012; Siegler, Thompson, & Schneider, 2011; 
Torbeyns, Schneider, Xin, & Siegler, 2015). Despite their importance for later math success and 
life outcomes, fractions are notoriously difficult for children to learn (e.g., Ni & Zhou, 2005; 
Stafylidou & Vosniadou, 2004), and they remain difficult for many adults (Stigler, Givvin, & 
Thompson, 2010). Understanding the mechanisms of fraction processing may shed light on what 
about learning and working with them presents difficulties. This knowledge could be used to 
inform curriculum development. People’s continued difficulty with fractions, coupled with 
fractions’ importance to every-day life, suggests a compelling research direction for cognitive 
science: how do we process fractions, and what aspect of their processing presents challenges? 
Difficulty with Fractions 
 One leading view of the difficulty with symbolic fractions is that, unlike with whole 
numbers, we do not have direct access to their magnitudes, but instead, need to work through the 
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whole-number components (numerators and denominators) to calculate their magnitude. In this 
view, unlike with whole numbers, we do not have the cognitive architecture to support fraction 
processing without explicit strategies (e.g., Feigenson, Dehaene & Spelke, 2004; Dehaene, 
2011). With whole numbers, this cognitive architecture takes the form of the evolutionarily 
ancient approximate number system (ANS), which processes nonsymbolic numbers in an analog 
fashion, and is thought to support symbolic whole number processing as well (e.g., Feigenson, 
Spelke & Dehaene, 2004; Piazza, 2010).  
However, the view that we do not have direct or intuitive access to fraction magnitude 
has been challenged by evidence for an intuitive ratio processing system (RPS). A large body of 
work has shown that even young, untrained children can work well with nonsymbolic ratios in 
several forms (e.g., Boyer & Levine, 2012; Spinillo & Bryant, 1991; Singer-Freeman & 
Goswami, 2001). This suggests that explicit strategies, such as those taught in school, are not 
necessary for fraction processing, and that this processing might be instead supported by a 
magnitude processing system. Several studies have provided further evidence for this view. For 
example, there is evidence that even infants can discriminate between ratios (McCrink & Wynn, 
2007), and use proportional information abstracted from ratios to guide expectations and 
decisions (Denison, Reed and Xu 2013; Denison & Xu, 2014). These findings suggest that there 
is an innate or early-developing ability to process nonsymbolic fractions that does not depend on 
explicit strategies. Even adults (many of whom have had formal schooling with symbolic 
fractions), show evidence of greater aptitude with nonsymbolic fractions. Adults have 
demonstrated their ability to compare nonsymbolic ratio magnitudes across line-ratios, dot-ratios, 
and circle ratios with high speed and accuracy (Matthews & Chesney, 2015; Matthews, Lewis, & 
Hubbard, 2016). They compare nonsymbolic ratios more rapidly than they can compare 
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symbolic ratios, and also compare mixtures of symbolic and nonsymbolic ratios faster than they 
compare symbolic fractions alone (Matthews & Chesney, 2015; Matthews et al., 2016). In fact, 
nonsymbolic ratio processing in adults appears to be so automatic that irrelevant nonsymbolic 
ratios (such as those formed by the non-numerical size of fraction components) can interfere with 
symbolic ratio comparison tasks (Lewis & Matthews 2016). These results suggest that rather 
than enlisting calculation or abstract reasoning skills to make sense of nonsymbolic ratios, the 
RPS may provide a foundation on which an understanding of symbolic fractions could be built, 
much like an understanding of symbolic whole numbers is thought to be built on an intuitive 
understanding of nonsymbolic numbers afforded by the ANS (Lewis, Matthews, & Hubbard, 
2015; Matthews & Chesney, 2015; Matthews et al., 2016).  
Behavioral and Neural Evidence for how Symbolic Fractions are Processed 
 One dominant method for investigating whether people are accessing numerical 
magnitude is the analysis of distance effects. Behaviorally, distance effects are the tendency to 
respond more quickly and accurately when comparing numbers that are father apart in numerical 
magnitude. Neurally, distance effects are the tendency for brain areas relevant for processing of 
magnitude (the intraparietal sulcus (IPS) in fMRI, and posterior-parietal areas in ERP) to show 
distance-related modulations in activation or amplitude. 
Behavioral studies have shown evidence for both holistic fraction processing (which 
suggests holistic representation is being accessed but alone does not inform mechanism) and a 
focus on fraction components (which would suggest more indirect and less intuitive fraction 
processing). Evidence for different forms of processing appears to be strongly related to the 
properties of the stimulus set. Behaviorally, the processing of symbolic fractions appears to be a 
blend between attention to the whole-numbers in the fractions that form the numerators and 
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denominators (componential processing) and holistic ratio processing (attention to the magnitude 
of the entire fraction). Many behavioral studies have found that adults will use componential 
strategies unless the stimuli discourage it, in which case they will use holistic strategies (Meert, 
Grégoire, & Noël, 2009, 2010b; Toomarian & Hubbard, 2017). However, even in cases where 
holistic strategies are used, researchers have still observed some influence of the fraction 
components themselves. Behaviorally, adults display componential processing under conditions 
where the stimuli favor it, such as when numerators or denominators are constant. In these cases, 
participants make ratio magnitude judgments using componential strategies, where the distance 
between the denominators in the ratios they compare impacts the speed and accuracy of their 
magnitude judgements (Bonato, Fabbri, Umiltà, & Zorzi, 2007; Obersteiner, Van Dooren, Van 
Hoof, & Verschaffel, 2013). However, when stimuli are not designed to be favorable for 
componential processing, evidence that people can process fractions holistically emerges. When 
ratio stimuli are selected so that componential strategies of magnitude assessment would be 
ineffective, participants display holistic rather than componential processing, as indicated by 
distance effects for the ratios’ overall magnitudes (Meert et al., 2009; Meert, Grégoire, & Noël, 
2010a; Obersteiner et al., 2013; Schneider & Siegler, 2010; Sprute & Temple, 2011; Toomarian 
& Hubbard, 2017). In some cases, even when evidence of holistic processing emerges, there is 
still some evidence of the components themselves. In one group’s symbolic fraction comparison 
task, distance effects for both components and holistic magnitudes emerged (Ischebeck, Schocke, 
& Delazer, 2009). Further work supporting a combination of componential and holistic 
processing strategies has shown that although holistic fraction magnitude drives distance effects, 
component congruity (whether the fraction with the larger magnitude also had components of a 
greater magnitude) impacted speed and accuracy as well (Meert et al., 2010a). 
5 
 
The literature on the brain correlates of fractions is mixed. Studies using fMRI provide 
evidence that fractions are represented in holistic manner. For example, an fMRI adaptation 
study demonstrated that the distance between adapted and deviant fractions modulated activation 
within the intraparietal sulcus (IPS), an important region for numerical magnitude processing 
(Jacob, Vallentin, & Nieder, 2012). Dewolf, and colleagues’ fMRI investigation of the 
representations of rational numbers in the brain through magnitude comparison tasks found that, 
although fractions appear to be represented holistically in the IPS, the strength and pattern of IPS 
activation for fractions differed markedly from that of integers and decimals, suggesting there 
may be differences in the ways that fractions and other numbers are processed (Dewolf, Chiang, 
Bassok, Holyoak, & Monti, 2016). In another group’s symbolic ratio-magnitude comparison 
task, they found that distance between holistic numerical magnitude of the two fractions 
modulated activation within the IPS, but they did not find evidence of an influence of the 
components themselves in the fMRI data (Ischebeck et al., 2009). However, the behavioral 
component of this study showed influences of both componential and holistic processing, 
suggesting that fMRI’s temporal resolution may have been too limited to pick up the influence of 
componential representation in the brain. 
These studies have all been limited by poor temporal resolution, an issue for which whole 
number processing researchers commonly turn to electrophysiological techniques like ERPs for 
its high temporal resolution. ERPs have been used in numerical adaptation and magnitude 
comparison tasks, in children and infants as well as adults, and for both symbolic and 
nonsymbolic whole numbers (e.g., Dehaene, 1996; Temple & Posner, 1998; Pinel, Dehaene, 
Rivere & Bihan, 2001; Libertus & Waldorf, 2007; Hyde & Spelke, 2009). Across studies, the 
P2p component, a second peak positivity over parieto-occipito-temporal junctions, has been 
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shown to respond systematically to differences in numerical magnitude between whole numbers 
(e.g., Dehaene, 1996; Temple & Posner, 1998; Pinel et al., 2001; Libertus & Waldorf, 2007; 
Hyde & Spelke, 2009). A second component of interest is P3 (specifically P3b). P3b is the third 
peak positivity from posterior-central areas of the scalp. It is a more general component than 
P2p, broadly responding to task-related changes in stimuli (Luck, 2014; Squires, Squires, & 
Hillyard, 1975), but it has also shown sensitivity to differences in numerical magnitude 
(Dehaene, 1996; Zhang, Wang, Lin, Ding, & Zhou, 2013; Zhang et al., 2012). The primary 
signature of numerical processing, then, is a distance effect between the magnitudes being 
compared in the P2p component, with the P3 component serving as a secondary, later signature 
of numerical processing that still reflects that magnitudes have been processed. With this in 
mind, if people have direct access to holistic magnitudes of fractions, we should see holistic 
distance effects in P2p (the earlier component that acts as a primary signature of numerical 
processing), while holistic distance effects later in P3 would reflect intuitive but not direct access 
to numerical magnitude.  
To our knowledge, two prior studies have used ERP to investigate fraction processing. 
One study used ERP to investigate componential and holistic processing of fractions. This study 
only found evidence of a componential distance effect (seen through P3 latency and 
amplitude)—however, they only used fractions with common numerators, which prior behavioral 
studies show encourage componential strategies while discouraging holistic strategies (Zhang et 
al., 2012). Another study used a fraction matching paradigm with a more varied fraction stimulus 
set. In this paradigm, participants would indicate whether a fraction (or decimal) matched a 
nonsymbolic form of the fraction. Behaviorally, they found evidence of holistic processing, and 
neurally, they saw an effect of holistic distance between the fractions on P2 and P3 (Zhang et al., 
7 
 
2013). However, this study did not compare how fractions were being processed in symbolic 
versus nonsymbolic form (which might tell us whether symbolic fraction processing is 
intuitive)—instead they had participants compare the magnitude of symbolic fractions to 
nonsymbolic fraction forms, making it difficult to tell how either fraction form would be 
processed if participants did not need to translate between them. Further, they did not take a 
detailed look at when the different parts of each fraction were being processed—they looked 
only at whether there were holistic distance effects (distance effects between overall magnitudes 
of the fractions) and not for distance effects between the numerators and denominators of the 
fractions, which would tell us when different parts of the fractions are being processed. These 
mixed findings leave open the question of the time course of fraction processing, and how parts 
of fractions and fractions’ overall magnitudes are being processed. Knowing this detailed time 
course can allow us to make assumptions about the mechanism of fraction processing. Do we 
have direct, intuitive access to holistic magnitudes of fractions, which would appear as holistic 
distance effects in P2p, as some have posited (e.g., Lewis, Matthews, & Hubbard, 2015; 
Matthews & Chesney, 2015)? Do we instead have indirect but intuitive access to holistic 
magnitudes, as indicated by holistic distance effects later, in P3? Alternatively, we could need to 
effortfully work through the whole-number components of fractions to reach a sense of their 
holistic magnitude. Further, information about whether (and when) we see distance effects 
between the numerators and denominators of fractions would provide information about whether 
processing of numerators and denominators acts as a separate processing step that must happen 
before holistic magnitude can be reached.  
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The Present Study 
In this work, we recorded scalp electrophysiology and behavioral analysis to better 
understand the time course fraction processing for both symbolic and nonsymbolic fractions. 
Specifically, we asked: Do participants access a holistic representation of fractions, as generally 
indicated by a holistic distance effect on the relevant ERP components? Is processing also 
influenced by the numerator and denominator of a fraction, indicated by a distance effect 
between them (intra-fraction distance effect)? If so, when does this effect occur in relation to the 
holistic distance effect? Finally, how does the processing of symbolic and nonsymbolic fractions 
compare to our prior knowledge of the processing of symbolic and nonsymbolic whole numbers? 
To do this, we built on the designs of prior ERP work (Libertus, Woldorff, & Brannon, 2007; 
Temple & Posner, 1998) and fraction comparison work (e.g., Ischebeck et al., 2009; Meert et al., 
2010b; Binzak et al., in prep) and used ERP in conjunction with a fraction magnitude 
comparison task to observe the time course of fraction processing at a millisecond scale. 
Participants judged which fraction in a pair was larger: pairs were either two common symbolic 
fractions or two non-symbolic fractions. We analyzed average ERP P2p and P3 response over 
posterior-parietal electrodes to onset of the second fraction. With this approach, we seek to fill 
the literature gap in studies of fraction processing with high temporal resolution. 
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CHAPTER 2: METHODS 
 
Participants 
The final dataset consisted of 20 right-handed adults (7 male) recruited from a pool of 
volunteers from a large Midwestern university town. Participants had a mean age of 23.81 years 
(median = 21.5 years). One participant was an outlier with an age of 66 years, resulting in a high 
standard deviation for age (SD = 10.40 years). An additional 16 individuals participated, but 
were excluded from analysis because they contained blink artifacts in over 50% of trials. This 
rate of rejection was much higher than anticipated, as participants appeared to be excessively 
blinking shortly after the fraction disappeared from the screen. The study was conducted with the 
approval of the University of Illinois Office for the Protection of Human Subjects. All 
participants provided informed consent and were monetarily compensated $15 for their time.  
Procedure 
Participants were presented two fractions sequentially and asked to respond whether the 
second, target fraction was smaller or larger in magnitude than the first. In order to ensure that all 
participants were given the same instructions, they were first shown a few sample problems and 
read a scripted instructional sheet describing how they should approach the task (see Appendix 
A). After initial instruction, participants were fitted with an EEG cap (128-channel Hydrocel 
Geodesic Sensor Net, Electrical Geodesics Incorporated) and signals were checked and adjusted 
for quality, with impedances adjusted below 50 kΩ before proceeding. After the EEG cap was 
adjusted, participants were then asked to complete 36 practice trials using the actual button box 
set up before the experiment begun. For the practice trials, as in the actual experiment, 
participants were asked to withhold their response until after the second fraction had 
disappeared. This was done in an effort to reduce motor contamination with evoked potentials to 
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the second fraction (see Dickson & Federmeier, 2017). The experimenter provided feedback 
during the practice trials to ensure the participant understood the task. After practice, participants 
were presented with 16 test blocks with 36 trials per block for a total of 576 trials. There were 36 
fraction pairs (see Appendix B) presented in 2 possible orders. Each of the 36 pairs was 
presented in varying order 8 times in the symbolic form and 8 times in the nonsymbolic form 
(line pairs with ratios between the length of the left and right lines that are analogous to the 
symbolic ratios). Participants were instructed to take a short break after each block and the next 
block was self-initiated after they were sufficiently rested. The entire experimental procedure 
took approximately 90 minutes per participant. 
Stimuli & Design 
Stimuli were fractions presented visually in either symbolic or non-symbolic in format. 
Symbolic fractions were irreducible, proper fractions with single-digit numerators and 
denominators presented at the center of the screen; non-symbolic fractions were pairs of vertical 
lines proportionally equal to the symbolic fractions used and presented just to the left and right of 
center (for more detail, see Binzak, Matthews & Hubbard, in prep; see Appendix B for actual 
problems). For a given trial, each fraction was presented for 500 ms and separated by a 1000 ms 
interval. Only fractions of the same format were presented within a trial and a block, but fraction 
format alternated between blocks.  
The intra-fraction distance varied and was categorized into three distance levels: close, 
medium, and far (see Table 1). We defined intra-fraction distance as the ratio of numerator to the 
denominator. Fractions with intra-fraction values greater than .67 were considered close; those 
with values between .34-.678 were considered medium, and those with values less than .34 were 
considered far. Further, the numerical distance between the fractions presented in a given trial 
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also varied and was categorized into three distance levels: close, medium, and far. Holistic 
distance was defined as the ratio of the magnitude of the smaller fraction to the magnitude of the 
larger fraction. Fraction pairs with values less than .325 were considered far, pairs with values 
between .325 and .62 were considered medium, and those that had values greater than .62 were 
considered close.  
1st Fraction 2nd Fraction Intra-Fraction Values Holistic Magnitude Values 
5/6 2/3  Close Close 
3/5 2/5  Medium Close 
1/3 2/7  Far Close 
1/3 8/9 Close Medium 
1/6 2/5 Medium Medium 
5/8 1/4  Far Medium 
1/4 8/9 Close Far 
1/8 4/7 Medium Far 
7/8 1/7 Far Far 
Table 1. Sample fraction pairs with their intra-fraction and holistic magnitude values.  
EEG data acquisition and pre-processing 
 During the experiment, the ongoing EEG signal was collected from 128 scalp channels at 
a rate of 250Hz referenced online to the vertex. Offline, continuous data were high-pass filtered 
at .1 Hz and low-pass filtered at 20 Hz. Continuous data were then segmented into epochs, from 
200ms before to 1000ms after onset of the target (2nd) fraction. An automated procedure was 
then applied to identify and reject trials containing eye blinks (max-min > 120 μV in vertical eye 
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channels over an 80ms moving average), eye movements (max-min > 55μV in horizontal eye 
channels over an 80ms moving average), or too many bad channels (max-min > 200 μV over 80 
ms moving average). Epochs that contained eye blinks or eye movements, or had greater than 10 
bad channels were marked as bad epochs, and excluded from further analysis. Data from bad 
channels in otherwise artifact-free epochs with less than 10 total bad channels were replaced 
using spherical spline interpolation. Data were then averaged by distance condition and fraction 
format for each subject, re-referenced to the average reference, and baseline corrected to the 
mean response from -200 milliseconds to the onset of the target fraction.  
Data Reduction & Analysis 
 Based on visual inspection of the grand average waveform (all experimental conditions 
averaged together), we identified broad time windows that characterized the two main 
components of interest: P2p and P3(specifically P3b). These components were chosen as they 
have been repeatedly shown to be sensitive to numerical magnitude of various contexts and 
formats (e.g., Dehaene, 1996; Hyde, 2011; Temple & Posner, 1998; Zhang et al., 2013, 2012; 
Hyde & Spelke, 2009, 2012). We extracted the mean amplitude from these time windows 
averaged over large clusters of electrodes commonly used in the literature to characterize each of 
these components (Dehaene, 1996; Hyde & Spelke, 2009, 2012). More specifically, P2p was 
defined as the mean amplitude between 225-275 ms over broad left (EGI 128 HGSN: 59, 60, 65, 
66, 69 and 70) and right posterior parietal electrode clusters (EGI 128 HGSN: 83, 84, 85, 89, 90 
and 91) electrodes (Hyde & Spelke, 2009, 2012). P3 was defined as the mean amplitude from 
350ms-450 ms over a broad cluster of central parietal scalp electrodes (EGI 128 HGSN: 61, 62, 
78, 67, 72, 77, 54, 55, 79)  (Dehaene, 1996). These component definitions, including time 
windows and electrode sites, are consistent with those used in previous literature on numerical 
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Figure 1. Schematic of electrode channels used for analysis viewed from the top of the head (top 
= anterior; bottom = posterior). Purple circles represent electrodes used to characterize P2p and 
green circles represent electrodes used to characterize P3.  
 
We analyzed each ERP component of interest and behavioral accuracy for two types of 
sensitivity to numerical meaning in the fractions: The distance between the numerator and 
denominator of the fraction (intra-fraction distance) and the distance between the two fractions 
presented (holistic distance). To do this, we employed repeated measures ANOVAs with the 
factor of fraction Format (2 levels: non-symbolic or symbolic), and Intra-Fraction Distance (3 
levels: close, medium, and far) or Holistic Distance (3 levels: close, medium, far). The analysis 
of the P2p component also included the factor of Region (2 levels: left or right parietal electrode 
cluster). Posthoc tests of effects of Intra-Fraction or Holistic Distance were conducted using 
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planned linear contrasts, which allowed us to test whether these factors systematically influenced 
brain or behavior in the predicted pattern. Analysis of behavioral response times were not 
included, as our request that participants delay their responses makes them problematic. 
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There was no main effect of fraction format (F(1,19) = .42, p = .525), but there was a 
main effect of intra-fraction distance on accuracy (F(2,38) = 8.11, p = .001). There was also an 
interaction between fraction format and intra-fraction distance (F(2, 38) = 15.56, p < .0001). 
Post-hoc analyses revealed a significant effect of intra-fraction distance with nonsymbolic (F(2, 
38) = 23.96, p < .0001) but not the symbolic fraction stimuli (F(2,38) = .563, p = .574). Linear 
contrasts revealed that within the nonsymbolic fraction format, accuracy scaled positively with 
increasing distance (t(38) = -6.212, p < .0001).  
 
Figure 2. The proportion of correct trials for nonsymbolic (blue) and symbolic (red) trials are 
displayed, with error bars indicating ±1 SE. Close intra-fraction values are indicated by the light 
color shades, medium by the medium shade, and the far distances are indicated by the dark 
shades. 
P2p 
There were no main effects of fraction format (F(1,19) = .115, p = .738), intra-fraction 
distance (F(2,38) = 1.372, p = .266), or region (F(1,19) = .722, p = .406) on P2p. However, there 
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was a significant interaction between fraction format and intra-fraction distance on P2p (F(2,38) 
= 9.027, p = .0006). Post hoc analyses revealed main effects of intra-fraction distance with both 
symbolic (F(2,38) = 4.192, p = .023), and non-symbolic fractions (F(2,38) = 5.602, p = .007). 
Planned linear contrasts showed that for symbolic fractions, P2p amplitude decreased as the 
intra-fraction distance increased (t(38) = -0.622, p = .018), and for nonsymbolic fractions, P2p 
amplitude increased as the intra-fraction distance increased (t(38) = 0.972, p = .002). 
There was also a significant interaction between fraction format and region on P2p 
(F(1,19) = 4.561, p = .0459). Post hoc analyses did not reveal a main effects of fraction format in 
Left (F(1,19) = 2.073, p = 1.66) or Right P2p (F(1,19) = .215, p = .648) separately. There was 
not a main effect for region in the nonsymbolic format (F(1,19) = .101, p = .754) or the symbolic 
format (F(1,19) = 2.991, p = .100). 
There were no significant interactions between intra-fraction distance and region (F(2,38) 
= 1.594, p = .216) or three-way interaction between intra-fraction distance, region and format on 





Figure 3. The mean P2p amplitude (µV) for pairs with close, medium, and far intra-fraction 
values are displayed. Response to nonsymbolic format is in blue and symbolic format is in red. 
Graphs A and B show average amplitude over left and right posterior-parietal electrodes over 
time, with the P2p time-window shaded gray. Graph C shows average amplitude over P2p. Error 
bars indicate +-1 SE. 
P3.  
There were main effects of fraction format (F(1,19) = 14.02, p = .0014) and intra-fraction 
distance (F(2,38) = 4.081, p = .0248) on P3. There was also a significant interaction between 
fraction format and intra-fraction distance (F(2,38) = 5.004, p = .0118). Post hoc analyses 
revealed a main effect of intra-fraction distance with nonsymbolic (F(2,38) = 7.838, p = .001), 
but not symbolic fractions (F(2,38) = .678, p = .514). However, planned linear contrasts showed 
that average P3 amplitude in response to non-symbolic fractions was not systematically sensitive 




Figure 4. The mean P3 amplitude (uV) for pairs with close, medium, and far intra-fraction 
distance values for the nonsymbolic (blue) and symbolic (red) formats are displayed. Graphs A 
and B show average amplitude over posterior central electrodes over time, with the P3 time-
window shaded gray. Graph C shows average amplitude over P3. Error bars indicate +-1 SE. 
Holistic Distance 
Accuracy 
There was no main effect of fraction format (F(1,19) = .508, p = .485), but there was a 
main effect of the Holistic Distance between fractions on accuracy (F(2,38) = 177.3, p < .0001). 
Linear contrasts indicated that accuracy increased with increased holistic distance values (t(38) = 
16.905, p < .0001). There was no significant interaction between fraction format and holistic 




Figure 5. The proportion of correct trials for nonsymbolic (blue) and symbolic (red) trials are 
displayed, with error bars indicating ±1 SE. Close holistic magnitude values are indicated by the 
light color shades, medium by the medium shade, and the far magnitude values are indicated by 
the dark shades. 
P2p. 
There were no main effects of fraction format (F(1,19) = 0.076, p = .786), holistic 
distance (F(2,38) = 0.148, p = .863) or region (F(1,19) = .697, p = .414) on P2p. There were no 
interactions between fraction format and holistic distance (F(2,38) = 2.076, p = .139) or region 
and holistic distance (F(2,38) = 0.865, p = .429). There were significant interactions between 
format and region(F(1,19) = 4.468, p = .048) and between format, region and holistic distance 
(F(2,38) = 4.959, p = .0122). 
Post-hoc analyses revealed that within the symbolic format, there was no effect of region 
(F(1,19) = 2.852, p = .108) or holistic distance (F(2,38) = .719, p = .494), and there was no 
significant interaction between region and holistic distance (F(2,38) = .546, p = .584). Within the 
nonsymbolic format, there were not significant main effects of region (F(1,19) = 0.091, p = .766) 
or holistic distance (F(2,38) = 1.357, p = .27), but there was a significant interaction between 
region and holistic distance (F(2,38) = 7.01, p = .0026). Further analysis indicated that there was 
a significant effect of holistic distance within the left parietal cluster for the nonsymbolic format, 
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(F(2,38) = 3.43, p = .0427), but not within the right parietal cluster for the nonsymbolic format 
(F(2,38) = 1.204, p = .311. Linear contrast indicated that the effect of holistic distance within the 
left P2p for the nonsymbolic stimuli scaled linearly with holistic distance, t(38) = 2.593, p = 




Figure 6. The mean P2p amplitude (µV) for pairs with close, medium, and far holistic magnitude 
values are displayed. Average amplitude over time is plotted in graphs A,B, and D, with the P2p 
time-window indicated with gray shading. Response to nonsymbolic format is in blue and 
symbolic format is in red. Error bars indicate +-1 SE. Graphs A,B, and C refer to P2p amplitude 




There was a main effect of format (F(1,19) = 13.84, p = .00145), a main effect of holistic 
distance (F(2,38) = 3.443, p = .0422) and an interaction between format and holistic distance 
(F(2,38) = 6.329, p = .00424) on P3 amplitude. Post-hoc analyses revealed a significant effect of 
holistic distance with nonsymbolic fractions (F(2,38) = 8.587, p = .0008) but not symbolic 
fractions (F(2,38) = 0.184, p = .833). Linear contrasts revealed that with nonsymbolic fractions, 
P3 amplitude increased with increasing holistic distance (t(38) = 4.121, p = .0002).  
 
Figure 7. The mean P3 amplitude (uV) for pairs with close, medium, and far holistic magnitude 
values for the nonsymbolic (blue) and symbolic (red) formats are displayed. Graphs A and B 
show average amplitude over posterior central electrodes over time, with the P3 time-window 
shaded gray. Graph C shows average amplitude over P3. Error bars indicate +-1 SE. 
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CHAPTER 4: DISCUSSION  
 
In our behavioral data, we observed a significant effect of holistic magnitude distance on 
accuracy for both symbolic and nonsymbolic fractions, which suggests that participants had 
access to holistic magnitudes for both forms of fractions. This conclusion aligns with prior 
behavioral work (Meert, Grégoire, & Noël, 2009, 2010; Obersteiner, Van Dooren, Van Hoof, & 
Verschaffel, 2013; Schneider & Siegler, 2010; Sprute & Temple, 2011; Toomarian & Hubbard, 
2017). While this finding agrees with prior work, the presence of holistic distance effects in 
behavioral data alone is not enough to contribute to an understanding of the underlying 
mechanism of ratio processing. 
Based on prior work (e.g., Dewolf et al., 2016; Ischebeck et al., 2009) and our accuracy 
data, we expected to find evidence of holistic representation of both nonsymbolic and symbolic 
fractions in the form of a between-fraction distance effect in P2p or P3. Such an effect would 
indicate that holistic representation was being accessed directly or intuitively. In our ERP results, 
we saw between-fraction distance effects in P3 for nonsymbolic data but not for symbolic data. 
This suggests that participants do access holistic magnitudes for nonsymbolic stimuli, but not for 
symbolic stimuli. Evidence of holistic magnitude access for nonsymbolic stimuli accords with 
our behavioral results and prior results, which have found that adults, children and infants appear 
to intuitively process nonsymbolic ratios (Boyer & Levine, 2012; Denison, Reed, & Xu, 2013; 
Denison & Xu, 2014; Matthews & Chesney, 2015; Matthews, Lewis, & Hubbard, 2016; 
McCrink & Wynn, 2007; Singer-Freeman & Goswami, 2001; Spinillo & Bryant, 1991). A lack 
of evidence of access to holistic symbolic magnitudes is contrary to our expectations from prior 
studies (Dewolf et al., 2016; Ischebeck et al., 2009) and our own behavioral results. This 
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suggests that participants are not intuitively accessing the holistic magnitudes of these 
fractions—at least not in a consistent manner. Slight variations in the strategies used to perform a 
fraction comparison could lead to a washout effect in our ERP data; because we average the 
amplitude of ERP components across trials, different timing of access to holistic magnitude 
could lead to overall flattening of our averaged ERP component. The idea that participants may 
be using variable strategies is supported by work by Fazio, Dewolf and Siegler, which found that 
participants adaptively adjust their fraction-comparison strategies to suit the specific problem 
they are currently solving (Fazio, Dewolf, & Siegler, 2016).  
One way to distinguish direct and indirect access to fraction magnitude is to examine the 
timing and presence of intra-fraction distance effects relative to the timing of holistic distance 
effects. For example, observing an intra-fraction distance effect in P2p prior to observing a 
holistic distance effect in P3 might indicate procedural access to fraction magnitude instead of 
direct access. The absence of an intra-fraction distance effect might be an indicator for direct 
access to holistic fraction magnitude. In our ERP results, we saw intra-fraction distance effects in 
P2p for both symbolic and nonsymbolic fractions, which suggests that holistic access is not 
direct. Notably, this effect occurs in P2p before the holistic distance effect we see for 
nonsymbolic fractions in P3. This pattern suggests that, at least to process nonsymbolic ratios, 
people are using an iterative magnitude comparison process, where a magnitude processing 
system, such as the Approximate Number System (ANS), is leveraged sequentially to support 
ratio processing. This view would suggest that rather than being supported by a separate Ratio 
Processing System, ratio processing is likely a process in which the ANS is used first to process 
the components of each fraction, then used to process each fraction’s holistic magnitude. This 
would suggest that the ANS has the ability to support processing of stimuli beyond processing of 
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whole numbers. In this sense, it would not be true that we do not have the neuroarchitecture to 
process fractions intuitively—fractions would be supported by the same cognitive systems as 
whole numbers. 
Given that we see intra-fraction distance effects but not holistic distance effects for 
symbolic fractions, it may be that, unlike with nonsymbolic ratios, only the magnitudes of the 
components are being represented, and then variable strategies are used to decide whether the 
first or second fraction is larger, instead of comparing their holistic magnitudes.  
This interpretation could help explain the mixed results we see in prior work. Patterns 
where participants’ speed and accuracy are modulated by holistic distance effects between 
fractions, but also affected by their components, can be explained by a multi-strep ratio 
processing account. In this case, since both components and holistic magnitude are processed, 
there would still be the opportunity for fraction components to affect behavior.  
This interpretation would be consistent with the fMRI findings of Dewolf and colleagues 
(2016), where whole numbers, decimals and the holistic magnitude of fractions all activated the 
IPS, but this activation was delayed for fractions (Dewolf et al., 2016). This would make sense, 
as for the processing of the holistic magnitude of the fractions to be represented in the IPS, the 
ANS would have had to first represent each of their component parts, slowing the process of 
having the relationship between fractions represented in the IPS. This would also be consistent 
with the results of Ischebeck and colleagues, who found evidence for only the processing of 
holistic magnitude in the IPS, but found influences of the components as well in their behavioral 
data. In this case, representation of fraction components may have been quickly replaced by the 
representation of their holistic magnitudes (which was the piece relevant for solving fraction 
comparison problems). This would allow the production of the results where speed and accuracy 
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are affected by the components themselves, but the fMRI IPS activation pattern only reflects 
processing of the relationship between fraction magnitudes.  
While our findings suggest evidence for intuitive, indirect access to nonsymbolic fraction 
magnitude, this study does have a few limitations. First, while we do not believe that our small 
sample size of 20 and high participant rejection rate for blinking at inopportune times would 
have systematic effects on our results, using a larger group of participants with a decreased 
rejection rate would naturally increase our confidence. 
One other potential limitation of our study arises from our choice of distance effect 
metrics. Current literature is somewhat split between two different metrics: linear distance and 
ratio effects. While some of the literature has reported on linear distance effects (e.g., Dehaene, 
1996; Ischebeck et al., 2009; Matthews et al., 2016), because a signature of numerical cognition 
is its ratio-dependent ability to notice differences, we decided to report on ratio effects (for 
similar decisions, see Hyde & Spelke, 2009, 2012; Ansari et al., 2006; Piazza et al., 2004). 
However, we also carried out the same analyses using the more conventional linear distance 
effects. We did not find holistic distance effects in Left P2p for nonsymbolic fractions when we 
looked for linear, rather than ratio-dependent, distance effects. Lack of independence between 
our intra-fraction distance and holistic distance coding (X2 (4, N = 72) = 11.566, p = 0.021) casts 
doubt on this Left P2p holistic distance effect. Although we do believe ratio-dependent distance 
effects to better reflect patterns of processing, failure to find the Left P2p effect using different 
but still-conventional methods, and the correlation between our measures, adds doubt to this 
result. 
Our work provides an initial look at the time course of ratio processing using a high 
temporal resolution technique. Particularly, this work provides new evidence that 1) the whole-
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number components (numerators and denominators) of both symbolic and nonsymbolic fractions 
are automatically processed, as evidenced by an intra-fraction distance effect in P2p, and 2) there 
are differences in the processing of symbolic and nonsymbolic fractions, where a magnitude 
processing system appears to used to represent the relationship between fraction magnitudes 
overall for nonsymbolic fractions (evidenced by holistic distance effects in P3), but variable 
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APPENDIX A: INSTRUCTIONS 
 “Today you’re going to see lots of pairs of ratios, and your job will be to indicate which of the 
ratios is larger. For each pair, you’ll see one ratio at a time. In some pairs, you’ll see two 
fractions; in some pairs, you’ll see two line ratios. Each line ratio will look like two bars next to 
each other like this [show picture of one line ratio].  
 
 
If it helps, you can think about the left bar as the numerator of a fraction and the right bar as the 
denominator of the fraction. So as the left bar gets bigger, or the right bar gets smaller [relevant 
gestures with picture], the ratio gets larger overall. Basically, as the two lines get closer together, 
the ratio itself gets larger, or closer to 1.  
Does that make sense?  
[answer any questions] 
We’ll also do some practice before we start so you’ll get some more examples. 
 
Right before practice:  
For this study, your job will be to decide whether the first or second ratio is larger (or closer to 
one). If the first ratio is larger, you’ll press this button [demonstrate] and if the second ratio is 
larger, you’ll press this button [demonstrate]. Things will go pretty quickly, so you won’t have a 
lot of time to think. I’d like you to respond as fast as you can once the second fraction disappears 




We’re really interested in seeing how people are processing fractions and ratios -- unfortunately, 
when you blink, it will cause some pretty big electrical signals that can make it difficult for us to 
see meaningful patterns from your data, so we’d like you to try not to blink while the fractions 
are on the screen.” 
  




APPENDIX B: TABLE OF SYMBOLIC FRACTION PAIRS 
 
Table 2. Fraction pairs with their intra-fraction and holistic magnitude values are displayed. 
Intra-Fraction Values are displayed for both Fraction A and Fraction B. Holistic Magnitude 














 5/6  2/3  Close Close Close 
 3/5  2/5  Medium Medium Close 
 1/3  2/7  Far Far Close 
 5/7  3/5  Close Medium Close 
 4/7  3/7  Medium Medium Close 
 1/2  3/8  Medium Medium Close 
 6/7  4/5  Close Close Close 
 5/8  4/9  Close Medium Close 
 3/4  5/9  Close Medium Close 
 7/8  5/9  Close Medium Close 
 8/9  7/9  Close Close Close 
 5/7  1/3  Close Far Medium 
 8/9  1/3  Close Far Medium 
 5/8  1/4  Close Far Medium 
 2/5  1/6  Medium Far Medium 
 2/7  1/8  Far Far Medium 
 4/5  2/5  Close Medium Medium 
 6/7  2/7  Close Far Medium 
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Table 2 (continued). 
 1/2  2/9  Medium Far Medium 
 3/5  2/9  Medium Far Medium 
 5/7  3/7  Close Medium Medium 
 2/3  3/8  Close Medium Medium 
 3/4  4/9  Close Medium Medium 
 7/9  1/4  Close Far Far 
 8/9  1/4  Close Far Far 
 3/4  1/5  Close Far Far 
 4/5  1/5  Close Far Far 
 5/6  1/6  Close Far Far 
 4/9  1/7  Medium Far Far 
 5/6  1/7  Close Far Far 
 7/8  1/7  Close Far Far 
 4/7  1/8  Medium Far Far 
 7/8  1/8 Close Far Far 
 5/8  1/9  Close Far Far 
 5/9  1/9  Medium Far Far 
 6/7  2/9  Close Far Far 
 
